The traditional method of establishing the stiffness matrix associated with an intervertebral joint is valid only for infinitesimal rotations, whereas the rotations featured in spinal motion are often finite. In the present paper, a new formulation of this stiffness matrix is presented which is valid for finite rotations. This formulation uses Euler angles to parameterize the rotation, an associated basis, which is known as the dual Euler basis, to describe the moments, and it enables a characterization of the non-conservative nature of the joint caused by energy loss in the poroviscoelastic disc and ligamentous support structure. As an application of the formulation, the stiffness matrix of a motion segment is experimentally determined for the case of an intact intervertebral disc and compared to the matrices associated with the same segment after the insertion of a total disc replacement system. In this manner, the matrix is used to quantify the changes in the intervertebral kinetics associated with total disc replacements. As a result, this paper presents the first such characterization of the kinetics of a total disc replacement.
this has provided a vast amount of information on the motion of the spine. Much of this data is 22 crucial in the design and development of effective total disc replacements (TDR). Of particular 23 interest in this paper is an examination of the stiffness changes induced by a TDR. Unfortunately, the stiffness matrices proposed by Panjabi et al. [14] and McGill and Norman
35
[19] have several restrictions which limit their utility. The most problematic is the inability 36 to accommodate finite rotations and energy losses due to the poroviscoelastic nature of the 37 intervertebral disc and the nonconservative forces and moments due to the facet joints and ligaments. These and other deficiencies are addressed in this paper by presenting an alternative
Kinematics

78
The three-dimensional displacement vector y is defined by the relative motion of two points X 1 79 and X 2 , one on each vertebra. Although the selection of these points is arbitrary, their selection 80 will effect the stiffness matrix. To define the Euler angles a pair of right-handed orthonormal 81 bases is needed. One of these basis, which is denoted by {p 1 , p 2 , p 3 } is fixed to the lower vertebra, featuring the L5/S1 motion segment is shown in Fig. 1 .
84
In studies on the kinematics of the spine, it is standard to refer to the angles as axial rotation (ψ), lateral bending (θ), and flexion-extension (φ). Referring to Fig. 2(a) , the axial rotation represents a rotation about p 3 through an angle ψ. This is followed by a lateral bending about t ′ 2 = cos (ψ) p 1 + sin (ψ) p 2 . The final angle of rotation is a flexion-extension φ about t 1 . The axes of rotation p 3 , t ′ 2 , and t 1 define the Euler basis:
Based on the choice of axes, the set of Euler angles used here is known as the 3-2-1 set, and, To define the stiffness matrix K, one presumes that one can measure the resultant force and moment on one of the vertebra. For the upper vertebra, the resultant force is denoted by F 2 and the resultant moment, relative to X 2 , is denoted by M 2 . Correspondingly, the resultant force on the lower vertebra is denoted by F 1 and the resultant moment, relative to X 1 , is denoted by M 1 . When one measures these forces and moments and then correlates them to the displacements y and relative rotations ψ, θ, and φ, the forces and moments when the displacements and relative rotations are zero will not necessarily vanish. These residual forces and moments are denoted by a subscript 0. The stiffness matrix is then defined by the relationship
In Eq. (2), the generalized force vector F, the generalized residual force vector F 0 , the generalized displacement vector d, and stiffness matrix K are
The residual force F 20 and residual moment M 20 are the respective values of F 2 and M 2 when 90 the displacement d = 0.
91
There are several unusual features in Eq. (2). First, as shown in Eqs. (22) and (26) of Appendix B, the forces F 1 and F 2 are equal and opposite, as are the moments M 1 and M 2 : Comparison of the stiffness matrices for two motion segments on a term by term basis is difficult and often not very illuminating. An alternative strategy, which is proposed here, is to define a aggregate stiffness to be the norm of the stiffness matrix:
where tr denotes the trace of a matrix. To compare the aggregate stiffness of two motion segments, one can then define a normalized value S:
where k I and k II are the aggregate stiffnesses associated with the respective stiffness matrices 106 of the two motion segments. The aggregate stiffness ratio S is distinct from the stability indices 107 discussed in Howarth et al. [21] . Indeed, as one cannot expect the stiffness matrices to be 108 symmetric or positive definite, such stability indices may not be revealing. 4. It is well-known in structural dynamics that the presence of nonconservative forces and moments can destroy the symmetry of the stiffness matrix.
5. The precise details on this equivalence can be found in Appendix B.1
STIFFNESS ALTERATIONS DUE TO TOTAL DISK REPLACEMENTS
110
To demonstrate the utility of the stiffness matrix presented in this paper, the present section 111 details its application to a data set that has recently been collected to determine the sensitivity 112 of TDR placement along the saggital plane. 
Experimental Protocol
114
Specimen Preparation
115
Healthy, non-degenerate fresh-frozen L5/S1 motion segments were harvested from human spines 116 (n=5, mean age: 44, three females and two males). Specimen preparation included meticulous 117 removal of muscular tissue so as to retain the integrity of the capsular and ligamentous elements.
118
Afterwards, the specimens were potted in polymethylmetacrylate (PMMA), so that the S1 end-
119
plate was parallel to the PMMA surface and clamping faces.
120
(a) b) • and 6
• wedges which are used to achieve the desired relative motion of the vertebrae are also shown.
Mechanical Testing
121
Each specimen was placed in a servo-hydraulic apparatus (Bionix 858, MTS Systems Corp. Eden 122 Meadow, MN) such that the disc was oriented at 40
• relative to the horizontal axis ( analyses of L5/S1 based on specific morphometric studies. 6 Wedges were added at the frictionless interface with a non-retentive ball-and-socket design allowing 3 degrees-of-freedom. The device 132 was initially positioned 3 mm (±0.5 mm) posterior to the center of the inferior (S1) endplate.
133
The specimen was tested in this position, and the device was then moved forward 3 mm to 134 the central location and tested, followed by 3 mm anterior. This enabled measurement of the 135 sensitivity of device placement along the sagittal plane.
136
Specimen preconditioning consisted of three cycles of complete loading and unloading prior 137 to testing in each posture and was reduced to one cycle when the specimen was instrumented.
138
During testing, data were collected after one minute of loading for each posture. Tissues were 139 kept moist during testing by wrapping in saline-soaked gauze. A three-camera optoelectronic 140 system (Motion Analysis Corpl, Santa Rosa, CA) was used to track the motion between the two 141 vertebral bodies, while a load cell rigidly attached to S1 simultaneously recorded the resultant 142 force and moments. 
Data Analysis
144
Kinematic data was computed using software that integrated data from the load cell and motion 
155
The displacement and load vectors for the rotations were organized into 6-by-6 matrices, d E and F E respectively, where each column represents a different motion, indicated by m 1 , . . . , m 6 :
To compute the stiffness matrix K, one then computes 
157
To analyze the TDRs influence on the stiffness matrix K of the motion segment, the stiffness matrix of the intact disc is compared to the corresponding matrix of the motion segment after the implantation of the TDR. The former and latter matrices are labeled by K I , and K T , respectively. Following Eq. (6), the stiffness ratio S was then computed:
where k T,I are the aggregate stiffnesses associated with the matrices K T,I . 
Results
159
The four resultant stiffness matrices (intact and three device placements) varied considerably 7. The algorithm is based on the TRIAD algorithm and a classical optimal estimate of the translation. Discussions of these optimal estimates can be found in several papers, e.g., Dorst 
Stiffness Matrices
165
For one of the five specimens, the following stiffness matrices were computed. The first of these matrices, K i is for the intact specimens, while the matrices K p,m,a correspond to the respective posterior, middle and anterior placements of the TDR: 
It is interesting to note that some of the diagonal stiffness elements are negative. 
Residual Forces and Moments and Negative Stiffnesses
173
The experimental set-up resulted in substantial moments of extension calculated about the center 174 of the intact disc in the neutral position (see Fig. 4 ). This moment was calculated using the 
187
For each specimen, the aggregate stiffness ratio, S, between the instrumented and intact motion 
DISCUSSION
195
The objective of this paper was twofold. First, a new method of calculating the stiffness matrix 196 that provides accurate calculations for large, more physiologic angles of rotation was described.
197
This method is one of the only two possible formulations of this matrix which is valid for 
213
The stiffness matrix introduced in this paper is unique from those presented in earlier works 214 since, as described above, the kinematic values are measured relative to a neutral or pre-loaded 
226
The authors are grateful to Miguel Christophy for his assistance with Fig. 1 = right-handed orthonormal basis
Euler basis ψ, θ, φ = angles of axial rotation, lateral bending, and flexion-extension, respectively ω, ω 1 , ω 2 = angular velocity vectors
x, x 1 , x 2 = position vectors y = x 2 − x 1 = displacement vector R = rotation matrix K = stiffness matrix of motion segment K u = stiffness matrix owing to conservative contributions U = potential energy function F c 1 , F c 2 = conservative forces M c 1 , M c 2 = conservative moments F m = force measured by load cell M m = moment measured by load cell 
BACKGROUND ON ROTATIONS, EULER ANGLES AND THE DUAL EULER BASIS
231
The rotation of interest is the relative rotation of a pair of vertebra V 1 and V 2 . To parameterize 
235
In what follows, it is presumed that a set of right-handed orthonormal basis vectors {p 1 , p 2 , p 3 } 236 are affixed to V 1 and a similar set {t 1 , t 2 , t 3 } are attached to V 2 (see Fig. 1 and Fig. 7) . The rotation 237 of interest can be considered as transforming p 1 to t 1 , p 2 to t 2 , and p 3 to t 3 .
238
As may be seen from Fig. 2(a) 
244
One can define a proper-orthogonal matrix R to represent the transformation of p i to t i :
where the components of the matrix are
Here, the abbreviations c(x) for cos(x) and s(x) for sin(x) have been used. The three axes of 
250
As can be verified from Eq. (1), the Euler basis vectors form a basis provided θ = ± π 2 .
251
As a result, one restricts the second angle θ ∈ − 
254
The angular velocity vector ω associated with the rotation has a convenient representation when the Euler basis vectors are used:
In the sequel a set of vectors are need which can extract from ω the angular speedsψ,θ, andφ. This set of vectors is known as the dual Euler basis vectors:
9 By definition, the dual Euler basis vectors satisfy the relations
That is,
9. A thorough discussion of these basis vectors can be found in [23] , [27] .
Given the Euler basis vectors, one can use the nine equations Eq. (14) to compute expressions for the dual Euler basis vectors. After a series of straightforward manipulations, one would find that the dual Euler basis vectors have the representations
It is important to note that the vectors g 1 and g 3 do not have unit magnitude (cf. Fig. 2(b) ).
255
Expressions for the dual Euler basis vectors in terms of {t 1 , t 2 , t 3 } can established using Eq. (11)
256
and Eq. (15)
257
If the Euler angles are infinitesimal, then, from Eq. (15), it is easy to see that
Related results hold for the Euler basis vectors g k . For the spinal applications of interest, the 258 angles of rotation are not infinitesimal and so the approximations Eq. (16) cannot be used. assumed to act at the material point X 1 of V 1 and the moment M 1 is taken relative to this point
266
(cf. Fig. 1 ). Similarly, F 2 is assumed to act at the material point X 2 of V 2 and the moment M 2 is 267 relative to X 2 . In an experimental apparatus to examine the kinetics of a segment of the spine, it 268 is standard to place a load cell directly under the vertebral body V 1 . The load cell provides two sets of measurements: the three force components and three moment components:
The rotation of V 2 relative to V 1 can be characterized by a rotation R. The rotation is parameterized in this paper using a set of a set of 3-2-1 Euler angles: ψ, θ, and φ. Hence, the difference between the angular velocity vectors ω 1 and ω 2 of V 1 and V 2 can be expressed as 10 ω 2 − ω 1 =ψg 1 +θg 2 +φg 3 .
The position vectors of the points X 1 and X 2 of the vertebrae are denoted by x 1 and x 2 , respectively. It is standard to express these vectors in terms of the fixed basis {p 1 , p 2 , p 3 }, e.g.,
Furthermore, it is necessary to define the relative displacement vector of the point X 2 relative to X 1 :
Although, it is customary to choose X 1 to be the center of mass of V 1 and X 2 to be the center To postulate a potential energy for the motion segment and correlate its derivatives to the forces and moments on the vertebra, the methodology used in O'Reilly and Srinivasa [24] is followed.
11
The crucial assumption is that the potential energy for the conservative forces and conservative moments supplied by the facets, ligaments, and intervertebral disc is
In this case, the relative translation and rotation of the vertebra are independent. The forces (F c 1 and F c 2 ) and moments (M c 1 and M c 2 ) supplied by the disc, facets, and ligaments to the vertebrae are conservative:
it can be concluded that
These are the conservative forces and moments exerted by the disc on the vertebrae. The sim- 10. The interested reader is referred to Casey and Lam [39] where a discussion of relative angular velocity vectors can be found.
11. Their work is compatible with, and a generalization of, works on moment potentials (e.g., [40] , [41] ) and is entirely consistent with previous developments on moment potentials in the dynamics of rigid bodies.
12. In [24], X1 and X2 are chosen to be the centers of mass. A comparison of the expressions for the resultant moment relative to a center of mass and an arbitrary material point can be used to show that this restriction can be removed, and it is done so here without further comment.
Assuming that U is a quadratic function of y and the Euler angles, a Taylor 
This function has 21 unknown coefficients. Examples featuring the identification of these coef-279 ficients occupies Section 3.2 of the present paper. 23), the relationship between the conservative forces and conservative moments and the translational and angular displacements. These results are expressed in the compact form:
where the generalized force vector F c , generalized displacement vector d, and stiffness matrix K u are 
The corresponding forces F c 1 and moments M c 1 on V 1 are equal and opposite to F c 2 and M c 2 , 290 respectively (cf. Eq. (22)). It needs to be emphasized that the components of the moments in Eq.
291
(24) are taken relative to the Euler basis:
B.2 Viscous Forces and Viscous Moments
293
It is well-known that the intervertebral disc is a viscoelastic body and consequently any model for the motion segment must accommodate this behavior. Here, the simplest possible viscous terms are considered and it is assumed that the viscoelastic forces (F v 1 and F v 2 ) and moments (M v 1 and M v 2 ) have the representations
It is easy to motivate the assumption that the constants d k and c k are non-negative by examining the combined power P of these forces and moments: combined to obtain the viscoelastic forces due to the vertebral joint: e.g., F 1 = F c 1 + F v 1 .
298
B.3 Nonconservative Contributions
299
In addition to the aforementioned viscoelastic contributions, the resultant forces and moments experienced by the vertebra will also include nonconservative contributions due to the contact forces in the facet joints and activation forces in the ligaments. Labelling these nonconservative contributions with the subscript nc, one has the following expressions for the resultant forces and moments:
where k = 1, 2. As with the previous developments F 1 = −F 2 and M 1 = −M 2 .
300
B.4 The Stiffness Matrix of the Vertebral Unit
301
To accommodate these residual forces and moments, one performs a Taylor series expansion 
TRANSFORMING MOMENTS
307
It is often desired to transform the components of a vector with respect to the basis {p 1 , p 2 , p 3 } to the corresponding components with respect to the bases {g 1 , g 2 , g 3 } and {t 1 , t 2 , t 3 }. Denoting this vector by b, the following representations of this vector can be defined:
Then, with the help of Eqs. 
In the interests of brevity, the reader is referred to Eq. (11) where expressions for the components 308 R ik can be found.
309
13. This calculation is facilitated by the fact that the dual Euler basis was used to establish representations for M v 1 and M v 2 .
